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ABSTRACT

With this paper, we discuss some important aspects related to the iterative solution of two classes of polynomials,
nonlinear systems of equations, and the adapted to them — "FAST adaptive neural solver" (FANS). The crucial
issue of choosing initial approximations (separation of unattractive networks of initial data) and the possibility of
minimizing CPU-time with the use of existing FANS is discussed.

INTRODUCTION

Polynomial systems of equations are of major interest and they are heavily used in any discipline of sciences such
as mathematics, physics, chemistry and engineering.

According to [1], [2], the approaches for solving polynomial systems of equations can be classified in two
categories as follows:

1. Symbolic methods that stem from algebraic geometry;

2. Numerical methods, based on iterative procedures. These methods are suitable for local analysis only and
perform well only if the initial guess is good enough, a condition that generally is rather difficult to satisfy.”

In [1] the authors considered the neural network architecture for the system of polynomials

el

fi(x) = Z?Ll (aij [T x, lj> -pi=0i=12,..,n, 1)

where in every exponent e’ the superscript i denotes the equation, the first subscript j denotes the factor of the
summation in equation i and the second subscript [ denotes the corresponding unknown x.

Introduced in [1] neural solvers gave good results for polynomial systems associated with chemical engineering
applications.

For other results, see [4]-[9].

The point ¥ € R™ is an equilibrium point for the differential equation

T =g(tx)
if g(t,X) =0forall t.
Of course, as we have already mentioned, it remains of crucial importance to choose initial approximations for
which researched numerical method or iterative procedure is convergent.

The article is structured as follows. Firstly in “MAIN RESULTS” we explore one special class of polynomial
systems and give an analytical description of the non-attractive sets to be considered by the specialists working in
the direction - generating of FANS.

Similar issues are discussed in “Solving the more general polynomial systems class of the type (1)” - to solve
an arbitrary nonlinear system based on the use of fast-acting iterative procedures with order of convergence t
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(appearing as modification of classical Newton-Broyden method).

MAIN RESULTS

We will illustrate the said for a special class of polynomial systems.

Many problems in mathematics and other natural sciences and techniques reduce themselves to determining all
roots of a system of equations:

fikx) = xTtaxBTt4eda, =0,
() = x®%4ayx2 M+ ta,,, =0, @
fn(x) = x™Mmtax™ 4 tay,, =0,

where f;(x) are polynomials of degree d;, 1 < j < n with simple zeros. Let xU, =12,...,n; j=1,2,..,d;, be

distinct reasonably close approximations of these zeros. Usually, the Weierstrass procedure is used to solve the
problem [45]:

k
K+l _ ok fibrip) . _ C i
xi,j —Xi’j—w,]—l,z,...,di, l—1,2, W, n
[ Oy —2055)

Finding the zeros of the polynomial system (2) is related closely to research in the area of ”chemical equilibrium
applications”, ’kinematic applications” and others. Following the ideas given in [34], [30] we obtain

dr k+1
Zp 1 Xrp” = Tar1,
k+1 dr _k .k
Zp 1 xrp qup xrq I<s xrlxrs + ar 27

©)

d
Zpr 1 xr; Zl<s Ls#p xrlxrs 2 Zl<s<t xrlx}’(sxlft ar,3'
Zp L X l_[q:tp xfg=(d, — 1) l'[q L X (D% ap,,; T=12,..,n

The resulting systems of equations (3) can be written in vector form as:
T k+1 =p" r = 1 2
drXrd, dyr

where
1 1 |
k k k
ro._ Zq¢1 xr,q Zq¢2 xr,q Zq#dr xr,q
dr 7 | . : : ’
k k k
Hq¢1 Xrq Hq¢2 Xrq Hqstdr Xrq

detdy, =177, (xk; —xk)) #0,

/ k+1\
k+1

k+1., | |’

Xrd, + =
k+1
\xr dr/

AN, \
b | | l<s xrlxrs—}_arz |, r=1,2,..,n

bY: =
b / \(dr DI, 2t + (<100, |

r’ |\
We shall use also the notations

r.d k k — . —
Sm = Disig<ig<o<imedy Xriy = Xri, T=12,.,m m=12,..,d,.
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bir = (m—=1)SpT + (=)™, 7 =1,2,.,m; m=12,...,d,.
Foranygiven1 <i<j <d,r =1,2,..,n, we define the polynomials:

r,d
w;; (X)) =(x - x1’~(,1) e (X — xf,i—1)(x - xf,i+1) e (X — xf,j—1)(x - xf,j+1) (= Xf,dr)-

We have the following theorem.

Theorem A. [37] Suppose that for some 1<i<j<d,, r=12,..n, the sequence of approximations

xK,, .., xk, 1 =1,2,..,n, satisfies the conditions
’ Mr

ey (—Dmbi [wp® ek (k)T + o k) ()T =, (4)

r=12,..,n
Then x/i' = xf+',r = 1,2, ...,n, and thus, the (k+2)-th step of the Weierstrass method cannot be performed.

.....

Example 1. We consider the system (Mamat et al. [3], Goulianis et al. [1]):
fix)=x}+x,—2=0,i=12,..,n. (5)

Let n = 2. The non-attractive set Dy, -1 is given by (see, (4))

Dyifyf,) = Uit Dy,
where

9k ok k k —
Dp:2x71x1, +x11 +x1, —4=0,

9k ok k k —
Df,:2x51%5, + X3, + X3, —4 = 0.

The divergent set of the system (5) consists of the union of the hyperbolas of type (see Fig.1)
4—x
y =

2x+1"

\ gg:

0

-1.0 -0.5 r 0.5 1.0

—wf

Figure 1: The hyperbola y =

4
2x+1
Example 2. We consider the system
fik)=x2—1=0,
fo(x) =x*—x-2=0, (6)
fr0)=x3+1=0
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which has root —1. The non-attractive set Dy, . . is given by (see, (4))
Dyt fops1 = Uizt Dy
where
Dy:xfyxf, —1 =0,

Dpixky(2xk, — 1) =4+ x§,,

Dy, (x§,1 - x:,lfz)z(x&)z + 2+ x?’f,1(x§,2)2 + (x§1)2x§2)x§3
_(Z(lef,ﬂz(xéc,z)z + xz’f,1 + x?’f,z) =0.

k

_ 1 Kk _ 4+x§)1
2 = xky’ X22 = 2xk -1
and surface (see Fig. 4).

The divergent set of the system (6) consists of the union of the hyperbolas (see Fig.2—Fig.3)

V4

_ —(+xy?+x%y)+e (2+xy2+x2y) 2 +4(x-y)2 (2x 2y 2 +x+Y)
2(x-y)? ’

= ilﬂ

— Ak . — k. — +k
(z=x33 x=x31; ¥ =X3,)

wof |

—L
(=]
T

L [
20f "'.
10 - \\\
o Ty T TR
-0+ \
) '\\I
=20 K \
k
Figure 3: The hyperbola x%, = ;xz,ll_
2,17
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Figure 4: The surface z.

Remarks

In the Example 1, the Newton’s procedure does not converge for n > 2 and Weierstrass procedure fails for the
non-attractive set Dy, -, of initial approximations.

The Example 2 is very instructive and divergent set of initial approximations Dy s, r - is very complicated.

In studying the equilibrium state of some classes of differential systems that require the study of polynomial
systems of the type (2) it is extremely important to “separate” the non-attractive initial approximations to the roots.
For an arbitrary n the description of conditions (4) it is not difficult due to the existing symmetry.

You will explicitly note that for all known classic and newer algorithms like Chebishev, Halley, Ehrlich, Abert,
Nourein, Dvorchuk, Petkovic, Kyurkchiev, lliev, Proinov and others(see, [29], [31]-[33], [35]-[36], [38]-[43])
to solve the assigned task are derived and described in details respective non-attractive sets of initial data that are
permanently present in the implemented scientific platform (intellectual property, see, for instance [44]).

This is a very important element in dealing with issues of the mentioned issues.

First of all, the user of such algorithms usually is naturalist and a priori is not supposed to be a specialist in
"Applied Mathematics".

In this sense, the requirements to user of choosing initial approximations by using different subroutines and
products included in program environments and platforms are highly restrictive.

Program modules in contemporary environments must be so set to automatically report ’non-attractive sets” (as
we have noted - it is not difficult their description) and to provide the user reliable solution to the problem.
Goulianis et al. [1] showed that the proposed adaptive neural network algorithm is characterized by fast
convergence for high—dimensional systems.

Of course analogous questions regarding the appropriate choice of initial approximations can be found in the
existing and described in the literature adaptive neural network solvers.

Inevitably that will mean — “better CPU-time”.

Solving the more general polynomial systems class of the type (1)

General iteration process, which possesses order of convergence t is constructed in [32], [33]. From this process,
Newton’s iteration formula (t = 2) and Halley’s iteration formula (¢t = 3) are received as particular cases. The
used technique is based on generalized Taylor’s formula.

Let the system of equations

i) =0,i=12,...,n (7)
be given.
Supposed that f; and the partial derivatives of these functions of sufficiently high order are continuous in the
neighborhood of solution £(&,, &, ..., &,).
Both Newton’s and Halley’s iteration formula can be generalized when in Taylor’s formula all the terms up to
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degree t — 1 with respect of h* will be included. Taylor’s formula is of the form
0=/ _|_fi511)hi1 + Zl'f(l) hithiz 4+ M pirpizpis

iiqip 3if1111213

£ R i1+ O(eb).

l1lo..lt—1

(8)
+o.+

(t-1)!

Following the scheme by which Newton’s and Halley’s iteration formulae were developed we suppose that in the
above consideration we have determined

hi=H] ,+0i(") 9)

and
10;(D|| < M;_ et L. (10)

Then, after replacing h/ from (10) in (9) we receive
_ (€] (1) l i
0= fl + (fill(l) f;,lllz t-1 3if1111213 tle :

o) i it o)
+.. +(t 1)|fullz de— 1Ht2—1Ht—1' t 1) hll +2lf;.l.1120!2(gt 1)hll
ﬁigﬂwgf9#L+0%@“0wa+ou@*%m%f*ﬂh“ 11
ot 1),]351132 iy (02 DHE H* . H

+.. +H;21(St 1)H 1(Et 1) 015_1(€t 1)
+0%2(et=1) 0B (e71)... )hir + 0;(eh).

The system (11) we write in the form
0=f + £, hi + 0;(eY), (12)

where we substitute

iy pgi3 it—1
HZ HZ, ... H

t 1
fl() f&l += f;( ) le + 4+ a

l1 i1l (t_l)!fiiliz...it_l
and
0; (gt) — fl(l) Olz(gt 1)h11 + 3]]2(1? ' (0i2 (gt—l)H;il + 0i3(£t_1)]-[;2_1

l1l2 l11213

+072(e571) 05 (e ) ) Rt + = (02 (" OH2  H* 1. HT

(t-1)!

+oHHE  (DHE (€57, 01 (651 4. )R + 0 (eY).

The elements of reciprocal matrix of {f (€ )} we denote with f(”1 From the system (12) we determine hiz
hi1 = f(‘lsfs + f(‘150 (eh). (13)
We substitute H;", = —f,\°fs.
The following iteration formula can be formed:
Xi+1 = Xig + Hi_q, (14)
where t denotes order of convergence.

Let us form the expression
gs - x(sk) - Hi-g = fS - X(Sk+1) = hS - Hi? = OS(St).

We have
lloe0)ll < 5 [| 62 [[lo= e[|t
+ (£ | ocenlllini | + || A5, || los =D IR ]|+..)
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ot 2 ([0, o oD llHz, -
ot A N HE L o D]+, ) + 10O
and
10:eON = || £ s hinhizmie|| < | £ | Imi Izl il < ||, ] €

where all summands which contained multipliers £ are dropped, when s > t.
Taking into account the fact that functions f; are sufficiently smooth and that in above estimates all summands
are of order 0;(&?).

We conclude that the following upper bound is valid
10: (Dl < M, (15)
where M; is a positive constant.

Using (15) we receive the inequalities .
65 = xgern | < N0° DN < Meet| £

Example 3. We consider the system
fix) =025x2+x2-1=0,
f2(x) =x — 2%, + x5 =0, (16)

Block 1

Block 2
Figure 5: The structure of neural solver for Example 3. [1].

When we apply formula (14) to solve system from Example 3 for t = 3 with initial approximations (1; —1), (1; 1)
and (3; 1) with accuracy 15 decimal digits the respectively results are

(0.666666666666667; —0.942809041582063),

(0.666666666666667;0.942809041582063)
and

(2.0000000000000000;0.000000000000001)
for 4 iterations only.
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For specifying the double root (2,0), appropriate modification of the method outlined above is used.

Example 4. We consider the system
fi(x) = xx3 — 3xx5 =5 =0,
fo(x) = 2x3x2 + 2xtxy — 4x¥x3 +3 =0, 17)

LAYER 1 LAYER 2 LAYER 3 LAYER 4
Figure 6: The structure of neural solver for Example 4. [1].

We have used the formula (14) for finding solutions of system from Example 4 for t = 3 with initial
approximations (—1.9; 0.7), (—1.9; —0.7), (—3.6; 0.2) and (—3.6; —0.2) with accuracy 15 decimal digits and the
respectively results are

(—1.70807408954102;0.614482226647498),
(—1.70807408954102; —0.614482226647499),

(—3.32903633273033;0.215813224817305)
and

(—3.32903633273034; —0.215813224817305)
for 4 iterations only.

| Xt J

Figure 7: Higher order recurrent neural networks.
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CONCLUDING REMARKS

Part of the notes in “Remarks” remain valid for solving arbitrary systems of nonlinear equations.

Here is also interesting the question of isolating the non-attractive initial approximations using different
modifications of the classic Newton-Broyden type methods with high order of convergence t.

The much broader issue of selecting initial data for solving polynomial systems of type (1) can be considered as
open.

Sigmoidal functions (also known as “activation functions”) find multiple applications to neural networks [10]—
[15].

In conclusion, we will note that the newly constructed recurrently generable families of sigmoidal and activation
functions (see, for instance [16]-[28]) can be used with success in creating a new higher order recurrent neural
networks (Fig. 7).

Of course the specialists working in this important area also have the task of exploring eventual possibility for
minimizing CPU-time using the existing and new ones FANS.
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